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ABSTRACT  
 

Smoothed Particle Hydrodynamic (SPH) is a Lagrangian meshless numerical scheme suited to simulate complex 

flows with fragmented interfaces and/or moving boundaries. In the present work, a novel formulation has been 

developed in the framework of Arbitrarily Lagrangian-Eulerian SPH schemes to improve the particle distribution 

and, consequently, the accuracy. A fictitious pressure has been introduced to overcome the limitation of other 

existing corrections for the transport velocity. The new formulation has been tested against the inviscid Taylor-

Green flow and its capability of preserving good quality in particle distribution without introducing significant 

overheads has been demonstrated and it can be applied to a wide range of fluid simulations. 

 

Keywords:  ALE-SPH: Arbitrarily Lagrangian-EulerianSmoothed Particle Hydrodynamics, PST: Particle Shifting 

Technique. 

 

1 INTRODUCTION 

The Smoothed Particle Hydrodynamics (SPH) numerical scheme has been originally introduced by Gingold et 
al. (1977) in astrophysics and later it has been adapted to solve the Navier-Stokes equations (Monaghan, 1994). 
Despite the success of SPH models to simulate complex flows, there are still some fundamental issues related 
to their mathematical properties which require further investigations. For this reason, different corrections to the 
pure Lagrangian trajectories of the particles have been proposed in literature to improve the particle distribution. 
One of the most effective approach is the shifting formulation originally introduced by Lind et al. (2012) for 
Incompressible SPH schemes. In the present work a shifting correction has been introduced for the transport 
velocity of the ALE-SPH formulation (Vila, 1999), to achieve an adequate accuracy of the SPH interpolation, 
ensuring mass and momentum conservation.  

 

2 METHODOLOGY 

In ALE-SPH schemes the particle position update is controlled by the transport velocity, d𝒙𝑖 ∕ 𝑑t = 𝒗0𝑖, (Oger et 

al., 2016), which is completely independent from the fluid velocity 𝒗. Neuhauser (2014) proposed to compute 

the 𝒗0 as follow: 

 𝒗0(𝒙𝑖) = 𝒗(𝒙𝑖) − 𝛿𝒗(𝒙𝑖) [1] 

where δ𝒗(𝒙𝑖) is a correction defined as: 

 𝛿𝒗(𝒙𝑖) = ∑ 𝜔𝑗 [
𝑝𝑟𝑒𝑓

𝜌0

+
𝑐0

2
(𝒗0(𝒙𝑖)  − 𝒗0(𝒙𝑗)) ∙ 𝒏𝑖𝑗] 𝛻𝑊𝑖𝑗

𝑗∈𝐷𝑖

 [2] 

where 𝑝𝑟𝑒𝑓 =  𝜌0𝑐0
2 ∕ 𝛾 is a constant background pressure field, 𝜌0 and 𝑐0 are respectively the reference density 

and speed of sound, 𝜔𝑗 is the particle volume, 𝛻𝑊𝑖𝑗 is the kernel function gradient and 𝒏𝑖𝑗 is the unit vector 

between particle i-th and particle j-th. In Weakly-Compressible SPH the speed of sound 𝑐0 is usually defined as 

10-20 times the maximum expected velocity 𝑈𝑚𝑎𝑥 (corresponding to Mach number on the order of 0.1). As 

defined in Eq [2] the magnitude of δ𝒗(𝒙𝑖) is proportional to 𝑐0. In order to obtain satisfactory results for most 

demanding test cases, in the framework of ALE-SPH, the speed of sound 𝑐0 had to be increased up to 50-100 

𝑈𝑚𝑎𝑥, leading to a very small time integration interval ∆t, remarkably increasing the computational cost. In the 

present work a new approach for the 𝛿𝒗0 correction, is proposed with the aim to overcome the issue above 
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described. A fictitious pressure field, 𝑃𝐹, (that has no influence on physical quantities), has been defined as 

follow:  

 
𝑃𝐹 =

𝜌0𝑐0
2

𝛾
+

𝜌0𝑐0
2

𝛾
[(

𝜔0

𝜔
)

𝛾

− 1] [3] 

Substituting Eq [3] in Eq [2] (with 𝛾 being an arbitrary dimensionless coefficient) the correction δ𝒗(𝒙𝑖) becomes: 

 
𝛿𝒗(𝒙𝑖) = ∑ 𝜔𝑗 [−

1

𝜌
0

𝑃𝑖
𝐹 + 𝑃𝑗

𝐹

2
−

𝑐0

2
(𝒗0(𝒙𝑖)  −  𝒗0(𝒙𝑗)) ∙ 𝒏𝑖𝑗] 𝛻𝑊𝑖𝑗

𝑗∈𝐷𝑖

 [4] 

This correction has the capability to couple the kinematics equations of ALE scheme (volume variation and 

particle position). The quality of particle spatial distribution has been evaluated measuring the particle 

concentration with the so-called Error Closed Box magnitude (ECB) (Neuhauser, 2014) defined as:  

 𝐸𝐶𝐵𝑖 = ∑ 𝜔𝑗𝛻𝑊𝑖𝑗

𝑗∈𝐷𝑖

 [5] 

High values of 𝐸𝐶𝐵 can show the presence of clusters or holes in particle distribution that affect negatively the 

accuracy of the SPH interpolation. The inviscid Taylor Green Vortex (TGV) test case with 𝑈𝑟𝑒𝑓 =  1𝑚/𝑠 has 

been used to evaluate the capability of Eq [4] to maintain high quality of particle distribution (i.e. low values of 

𝐸𝐶𝐵). Main results, 𝐸𝐶𝐵 𝐿2 norm and computational time, for different simulations using Eq [2], with 𝑐0 value 

equal to 10𝑈𝑟𝑒𝑓 and 100 𝑈𝑟𝑒𝑓  and simulation using Eq [4] with 𝑐0 equal to 10𝑈𝑟𝑒𝑓 are shown in Figure 1.  

 
Figure 1. TGV simulations. 𝐸𝐶𝐵 𝐿2 norm (left). Computational time (right) Note: computational time for 

simulations with same 𝑐0 are almost coincident and overlapped in figure. 
 
3 CONCLUSIONS 

In the present work a novel formulation for the transport velocity 𝒗0 of ALE-SPH schemes has been proposed 
and tested for the inviscid Taylor Green flow in which the particles, following counter-rotating trajectories, tend 
to create hole or cluster in the domain. Ensuring a uniform particle concentration is necessary to guarantee the 
accuracy of the SPH spatial interpolations in the continuity and momentum equations. The formulation herein 
proposed guarantees a constant particle concentration, as observed with 𝐸𝐶𝐵 𝐿2  norm (Figure 1 (left)) without 
introducing any additional computational cost (Figure 1 (right)). 
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